Calculating HHG Spectra
The Photo-Recombination Cross Section (PRCS) is related to the more common Photoionization Cross Section (PICS) by the relation
Here, Ω k is the solid angle of the photoelectron direction, Ω n is the solid angle of the photon polarization direction, and k is the final momentum of the photoelectron. In photoionization experiments, the outgoing electron direction is measured relative to the photon polarization direction as angle θ, and its anisotropy is characterized by the asymmetry parameter β, where −1 < β < 2.
In HHG from atoms, the xuv is polarized parallel to the recolliding electron direction, son k and θ = 0. The angle resolved photoionization cross section is related to the angle integrated cross section and the asymmetry parameter as follows 3 :
Where P 2 (cos(θ)) ≡ . To compare our measured HHG spectra with previously published photoionization cross sections σ i (E) and asymmetry parameters β i (E), we use eq. (2) to determine the θ = 0 contribution, then use eq. (1) to convert to a PRCS.
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Kr Published Photoionization Cross Section Data: State resolved photoionization cross sections for Kr were calculated by Huang et al. 4 who used the Relativistic Random Phase Approximation (RRPA). After ionization of the Kr ground state the ion is left in a superposition of the 2 P j states with j = { 1 2 , 3 2 }. The PI cross section for each state along the direction θ = 0 was calculated using Eq. (2) and the contributions from the two states were combined with the statistical weighting (2j+1). The resulting PI cross section is shown in Fig. 1 . Huang et al. did not provide data for photon energies above ∼140 eV. In this region the PICS was extrapolated by fitting a second order polynomial to the published PICS from 100 eV to 140 eV. The results are shown as the red curve in Fig Published Cross section Extrapolated Figure 1 : Photoionization cross section for Kr along the (θ = 0) direction combining the contributions from channels that leave the ion in the 2 P 1/2 and 2 P 3/2 states. Data was taken from 4 and extrapolated to 160 eV.
Strong Field Approximation
The Strong Field Approximation (SFA) is commonly used to calculate HHG emission 5 . The usual expression for the time-dependent dipole d(t) in a one-electron system is
Here k is the canonical momentum, A is the vector potential of the laser field, and tial.
Following Patchkovskii et al. 6 , we rewrite this expression in the multi-electron form to explicitly include the ion and the various phase terms.
Here, ψ N (1...n) is the n-electron ground state of the neutral atom, E N is the total energy of the neutral, ψ + (1...n − 1) is the n − 1-electron wave function of the ion following ionization, E + is the total energy of the ion, V L = xE L (t 1 ) is the interaction Hamiltonian due to the laser field, and
is the Volkov phase of the electron in the continuum. We explicitly show the energy of the neutral system, E N , rather than the more usual ionization potential I p , because we will soon introduce an excited state of the ion. Now we include the Coulomb interaction between the returning electron and the n − 1 electrons in the ion. In the S-matrix description, this is an additional interaction at time t 2 somewhere between ionization time t 1 and emission time t. The time-ordering is (0 ≤ t 1 ≤ t 2 ≤ t). In the case of xenon, the ionic states correspond to the ion with a 5p hole (ψ + 1 ) and a 4d hole (ψ + 2 ). The expression can easily be extended to additional ionic states. The continuum electron wave functions associated with each ionic state are written as χ 1 and χ 2 to simplify the expression. Electron n is ionized (without showing the explicit antisymmetrization).
Here the classical action is split into two parts, before and after t 2 :
where K 1 is the kinetic energy of continuum electron 1 before collision and
is the kinetic energy of continuum electron 2 after collision, which we assume is not affected by From time zero to t1 the electron waits to be ionized by the laser field. At t1 the electron is field ionized and accelerates in the continuum. At t2 the continuum electron re-encounters the parent ion causing the exchange of the 5p hole with a 4d electron losing 56 eV in the process. At time t the continuum electron fills the 4d hole and a 100 eV photon is emitted.
the laser field during its brief existence. A schematic diagram of this 4-step process is shown in Fig. 2 .
We calculate the effect of the extra 5p-4d coupling by considering only the recombination part of the three-step model (see main text, eq. 1). The recombination moment D(Ω) is the sum of the direct 5p channel, D 5p and the indirect 4d channel, D 4d .
Here,Â is the antisymmetrization operator. The continuum wave functions are taken as scattering wave solutions of the ionic potential which are asymptotically matched to hydrogenic Coulomb functions of asymptotic kinetic energy K such that Ω = K +I p , where I p is the ionization potential of the corresponding orbital vacancy (5p or 4d). This approach is described in more detail in Wörner et al. 7 . The single-electron orbital wave functions φ 5p and φ 4d are taken from a quantum chemistry calculation using GAMESS 8 with small-core relativistic plus polarization correlation consistent triple zeta basis set (cc-pVTZ-PP and Stoll-Dolg effective core potentials) 9 . The 5p and 4d orbitals are taken in the frozen-core approximation, in which the other orbitals are assumed to be unchanged upon ionization. Such orbitals are very close to the corresponding Dyson orbitals, which include rearrangement of the other electrons. For noble gas atoms, this rearrangement is SUPPLEMENTARY INFORMATION doi: 10.1038/nPHYS1940 very small.
In converting from transition dipole moment in the length form to photoionization cross section, as shown in Fig. 4 in the main paper, we use the following expression 3 :
where I 5p and I 4d are the ionization potentials for removal of a 5p and a 4d electron, and Ω is the emitted photon energy.
All of the integrals above are in general complex, meaning that the emission from each channel is not necessarily in phase. Nevertheless, the calculation predicts that the interference between channels is generally constructive, in agreement with the experiment.
In HHG experiments, phase matching is essential to producing coherent collimated xuv emission. This condition is usually met because the attosecond emission is synchronized to the optical cycle. This condition requires that the atom coherently returns to the initial ground state, otherwise the emission is incoherent. It is less obvious that the channel which includes coupling between 5p and 4d electrons is phase-matched, since the electron-electron interaction could potentially randomize the phase. However the analysis above shows that, as long as the total energy of the system (continuum electron plus ion core) is conserved, the emission phase is deterministic. If the laser field accelerates the continuum electron after the electron-electron interaction and before recombination, an additional phase term will appear. Since the interaction occurs very close to the ion core, and just before recombination, we neglect this effect. This additional phase might be an experimental observable that will give access to the time of the electron-electron interaction on an attosecond time scale.
Source
The experimental layout comprising the optical setup for IR few-cycle pulse generation and the high-harmonic chamber is depicted in Fig. 3 . The source is based on the frequency conversion from Ti:Sa wavelength of 800 nm to 1.8 µm with commercial OPA technology followed by subsequent pulse compression. The starting point is a Ti:Sa amplifier delivering 40 fs pulses with 6 mJ pulse energy at a repetition rate of 100 Hz. Frequency conversion to the IR spectral range is achieved by utilizing the idler out of a fluorescence seeded high energy OPA (HE TOPAS, Light Conversion). It provides 52 fs pulses with pulse energy of 950 µJ which are focused into the hollow-core fiber (HCF) by a f =1 m lens made of CaF 2 . Pulse shortening is realized due to the combined action of nonlinear propagation in the HCF and linear propagation through bulk material in the anomalous dispersion regime 10 . Self-phase modulation (SPM) in the 1 m long fiber is the main driving source for spectral broadening of the initial OPA spectrum shown as shaded gray in Fig. 4a . After the fiber, the pulse duration roughly equals the input duration but its spectrum signif- icantly broadened (black line in Fig. 4a) . Collimation of the continuum is carried out with a mirror of 1 m focal length. The broadened power spectrum given by the black line in Fig. 4a is slightly asymmetric towards the blue spectral side as a result of self-steepening 11 . More important for the subsequent compression, however, is that self-steepening also causes the spectral phase to become asymmetric, distinct from pure SPM which bears both, symmetric spectrum and phase. As expected, this symmetric part of the spectral phase is compensated afterwards by the negative group delay dispersion (GDD) introduced by the glass in the anomalous dispersion regime. The distinctiveness of the glass compression scheme, compared to other aproaches [12] [13] [14] [15] , lies in the cancelation of the spectral phase-asymmetry arising from self-steepening during nonlinear propagation. It is balanced by the positive third order dispersion (TOD) of the glass during linear propagation of the expanded, low intensity, beam. Thus, compression is not limited by the TOD of bulk material which is always positive. The flat spectral phase after compression is shown as red line in Fig. 4a with the corresponding temporal profile given in Fig. 4b . A more detailed discussion and full numerical simulations of the mutually compensating propagation effects can be found in Ref. 16 .
Several materials contribute to the pulse compression subsequent to the fiber. CaF 2 windows (not shown in Fig. 3 ) on the HCF (1 mm thickness) and at the entrance of the high-harmonic chamber (3 mm thickness) have a minor effect because of very low dispersion. Compression mainly arises from the transmissive polarizer P (nanoparticle polarizer, Thorlabs) and fine tuning is achieved by small tilts of the Fused Silica FS plate (2.0 mm thickness). Intensity control is achieved by rotating the half-wave plate λ/2 in front of the HCF in combination with the polarizer located after the fiber. Pulse characterization is carried out with a home built second harmonic generation -frequency resolved optical gating (SHG-FROG) 17 setup designed for dispersion free few-cycle pulse measurement 10 .
In this straight-forward manner 11 fs pulses, corresponding to 1.8 optical cycles at 1.8 µm wavelength (Fig. 4b) , with ∼ 300 µJ pulse energy have been delivered to the target chamber.
XUV Spectrometer
A schematic diagram of the HHG spectrometer and source chamber is shown in Fig. 3 . The laser enters the source chamber through a 3 mm thick CaF 2 window and is focused below a thin pulsed gas jet by an f = 25 cm spherical mirror. The jet has a 500 µm aperture and backing pressure of 2-3 atm. It is mounted on a three-axis manipulator for adjustment relative to the laser focus. We estimate the number density under the jet to be 2 · 10 17 cm −3 . The focusing optics are chosen such that the jet is much thinner than the Rayleigh range. An ion detector consisting of an electrically biased mesh was located directly below the jet. The resulting harmonics pass from the source to the detector chambers through a differential pumping tube. The harmonic beam enters the spectrometer through a ∼ 140µm slit and is dispersed by a 1200 l/mm spherical holographic grating (Shimadzu 30-002). This type of grating has been shown to have significantly lower second order dispersion compared to equivalent ruled gratings 18, 19 . The dispersed spectrum is imaged
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Figure 3: Experimental setup The IR spectral range is accessed by utilizing the idler of a high energy OPA, pumped at 800 nm. Confined propagation in a hollow-core fiber filled with Ar at atmospheric pressure broadens the spectrum which is subsequently compressed by bulk material (CaF 2 vacuum windows, transmissive polarizer (P), 2 mm FS for fine tuning). A half-wave plate (λ/2) in front of the fiber is used to attenuate the beam in combination with the polarizer. High harmonics are generated by focusing this beam (f = 25 cm) into a thin gas jet and their spectral characterization is carried out by imaging the entrance slit onto a multichannel plate (MCP) with a concave grating.
onto a microchannel plate intensifier backed by a phosphor screen (Burle APD 3115 32/25/8 I EDR MgF2 P20). The resulting spectrum was recorded with a high dynamic range digital camera.
Calibration In HHG spectroscopy it is common to calibrate the spectrometer by fitting the positions where harmonics are observed to their expected position based on odd multiples of the laser photon energy and the grating equation. This procedure works well for low harmonic orders but can introduce significant errors when a large number of harmonics are produced. The accuracy of calibrations using the observed HHG spectra is very sensitive to our knowledge of the laser wavelength and can be seriously degraded by the 'blue shift' 20 which causes the spectrum to shift in energy at high harmonic orders. The wavelength scale of the spectrometer was calibrated by recording oxygen recombination lines and comparing their positions to the wavelengths in the NIST database. To do this we put oxygen into the pulsed jet and focus several millijoules of circularly polarized 800 nm radiation to the same position where we normally focus the 1.8 µm laser when producing harmonics. We then observed the spectrum resulting from photo-recombination of free electrons with oxygen ions in the laser produced plasma. This procedure is similar to the one described by Farrell et al. 21 as well as 22 . The resulting spectrum is shown in Fig. 5 along with the positions of oxygen lines that we expect based on NIST data. Note that NIST gives the position and relative intensity for oxygen transitions, many of which are very close together. To generate the spectrum shown we assumed that each transition had a secant squared line shape with an amplitude given by the relative amplitudes from NIST. For a given wavelength we then sum the contribution from each transition. This procedure gives a reasonable approximation for the centre wavelength expected for each line in the observed spectrum. . The lower panel shows the measured spectrum (blue) along with the absorption spectra of Oxygen-I through IV as tabulated by NIST. Note that the NIST data is largely based on photo-absorption measurements. In our experiment, the spectrum is produced by photo-recombination of electrons in the laser produced plasma. While the centre wavelengths for lines corresponding to the two processes will be nearly identical, their relative strengths are expected to differ. 
Intensity Calibration
We use an ion detector consisting of a wire mesh, biased at -500 V, located below the pulse jet to measure the number of ions produced during harmonic generation. In 23 we showed that the ion signal is proportional to the number of ions produced in the interaction volume. To calibrate the laser intensity we measure the ion yield N i as a function of pulse energy and fit this data to the intensity dependent ionization rate from theory. The measured ion yield is plotted as symbols in Fig. 6 . The solid curves were calculated using the Yudin-Ivanov nonadiabatic ionization model 24 integrated over a Gaussian spatial intensity distribution. This model includes both quasi-static tunneling as well as the wavelength-dependent multiphoton contribution to the ionization probability. We minimize the square error between theory and experiment by scaling the horizontal (intensity) axis of the measured data and the vertical (ionization yield) axis of the theoretical curve. This fitting procedure determines the absolute intensity of the laser in the interaction volume for a given pulse energy 25 . 6 Phase Matching
We have tacitly assumed that the experimentally observed HHG spectrum reflects the single-atom response of xenon. HHG is a collective process in which the emission from each atom is added coherently. Phase mismatch occurs if the driving laser field has a different phase velocity than the xuv emission. If phase mismatch is present, the observed HHG spectrum contains both the single-atom response and a contribution from the collective response. Phase mismatch has been extensively studied 26 .
Phase mismatch can become more significant with longer-wavelength driving lasers for two reasons. First, the lower frequency laser is more affected by the medium, particularly by the free electrons following ionization of the atoms. Second, the xuv frequencies are much higher, commensurate with the higher cutoff energy, and require less of a temporal shift of the driving field in order to become out of phase. Nevertheless, it has been shown that xuv emission from capillary gas targets can extend beyond 200 eV in a phase-matched process 26 . In the present experiment, we use an extremely thin gas jet target to minimize the possibility of phase mismatch. Additionally, the very short laser pulse reduces the effect of phase mismatch due to plasma formation.
To test the supposition that the HHG spectrum corresponds to the single atom response, we performed several tests. We note that the HHG spectra of Kr and Xe are consistent with the PICS of the single atoms; Xe would be expected to be more sensitive to plasma since its ionization potential is lower than that of Kr, yet both spectra match the PICS.
In Fig. 7 we show how the spectrum of xenon changes as the laser intensity is changed. As the intensity increases, the cutoff frequency also increases and goes through the giant resonance at 100 eV. Beyond this point, the spectrum only increases in total power, but does not change shape. If phase mismatch from plasma dispersion were present, we would expect that the higher intensity spectrum would change due to the presence of more plasma.
We also tested the scaling of the HHG emission as a function of the gas pressure in the jet. If the process is perfectly phase matched, the HHG emission should scale quadratically with gas pressure. We previously demonstrated this behavior in the same gas jet 23 . We show the scaling of the HHG emission in the present experiment in Fig. 8 . The scaling power is seen to be somewhat greater than quadratic; if phase mismatch were an issue, the scaling power would be less than 2. There was some indication that, at the lowest gas pressure, the giant resonance peak in xenon was at 120 eV rather than 100 eV; however the signal was barely above the noise level at this pressure. As the pressure was increased, the peak was clearly centered at 100 eV. 
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doi: 10.1038/nPHYS1940 7 Argon PICS As described in the main text of this paper we analyze the xenon HHG spectra by normalizing it to the returning electron wavepacket W(E) measured for a krypton reference atom. The xenon PICS is then determined by dividing its measured HHG spectrum by the W(E) from krypton. We used a similar procedure in an effort to extract the argon PICS from HHG measurements.
Comparing our results, Fig. 9 , to the published cross section, we find that the expected deep Cooper minimum in argon is barely present in our unfiltered measurements. The reason for this is that a fraction of the harmonics from the high energy side of the spectrum, at around 100 eV, are diffracted in to the second order by the spectrometer grating and overlap with the 50 eV harmonics which are observed in first order. As described in Sec. 4, the Shimadzu holographic grating was chosen for these experiments because it has significantly lower second order dispersion compared to similar ruled gratings, but interference from second order diffraction is still present in our measured spectrum.
To show that this is the case, we placed a 200 nm thick aluminum filter in the xuv beam before the grating and recorded HHG spectra in both argon and krypton. Aluminum transmits xuv photons in the range of 17 eV to 73 eV and strongly attenuates higher energy harmonics. : HHG spectra for krypton (left) and argon (right) measured with and without an aluminum filter, green and blue curves respectively. The filtered and unfiltered spectra were scaled vertically in these plots.
As expected, the filter blocks harmonics with energies > 74eV . The shape of the krypton spectrum in the transmission band of the filter is largely unaffected by the filter because the real krypton spectrum is much brighter at 50 eV compared to 100 eV, so any second order contribution to the measured spectrum is negligible. The situation is different for argon, where bright ∼100 eV 13
